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Abstract. In this paper, we introduce the notion of a k-type null slant helices in Minkowski
space-time, where k € {0,1,2,3}. We give necessary and sufficient conditions for null
Cartan curves to be k-type null slant helices in terms of their curvatures k2 and k3. In
particular, we characterize k-type null slant helices lying on the pseudosphere S (r). We
find the relationships between 0O-type and 1-type null slant helices, as well as between 1-type
and 2-type null slant helices. Moreover, we prove that there are no 3-type null slant helices
in Minkowski space-time.
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1. Introduction

In the Euclidean 3-space, it is well-known that a general helix (or a curve of constant
slope) is a curve whose tangent makes a constant angle with a fixed direction, which
is called the axis of the helix. The ratio of the curvature and the torsion of such
curve is constant, which is the necessary and sufficient condition for a curve to be a
general helix. Several authors introduced different types of helices and investigated
their properties.

In [8], a slant helix is defined as a curve having the property that its principal
normal vector makes a constant angle with a fixed direction (see also [9]). In [2]
and [6], some characterizations of slant helices in Minkowski 3-space are given. In
Lorentz—Minkowski spaces, null generalized helices are studied in [7]. In [3], k-type
spacelike slant helices in Minkowski space-time are defined and characterized.

In this paper, we introduce the notion of k-type null slant helices in Minkowski
space-time, where k € {0,1,2,3}. We give necessary and sufficient conditions for
null Cartan curves to be k-type null slant helices in terms of their curvatures o and
k3. In particular, we characterize k-type null slant helices lying on the pseudosphere
S$(r). We find the relationships between 0-type and 1-type null slant helices, as well
as between 1-type and 2-type null slant helices. Moreover, we prove that there are
no 3-type null slant helices in Minkowski space-time.
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2. Preliminaries

The Minkowski space-time Ef is a 4-dimensional affine space endowed with an in-
definite flat metric g with signature (—,+, +,+). This means that there are affine
coordinates (x1, X2, x3,x4) such that metric bilinear form can be written as

9(x,y) = —T1y1 + T2y2 + T3Y3 + Taya, (1)

for any two x = (21,22, 73,74) and y = (y1, Y2, y3,y4) in E]. Since g is an indefinite
metric, recall that a vector v € E$\{0} can be spacelike if g(v,v) > 0, timelike
if g(v,v) < 0 and null (lightlike) if g(v,v) = 0. The vector v = 0 is said to be
spacelike. The norm of a vector v is given by ||v|| = /|g(v,v)|. Two vectors v and
w are said to be orthogonal, if g(v,w) = 0. An arbitrary curve a(s) in E{ can locally
be spacelike, timelike or null (lightlike) if all its velocity vectors o/(s) are spacelike,
timelike or null, respectively ([4]). A non-null curve « is parametrized by the arc-
length parameter s (or has the unit speed) if g(a/(s),a/(s)) = £1. In particular, a
null curve « is said to be parameterized by the pseudo-arc s if g (¢ (s), o (s)) = 1,
where a pseudo-arc function s is defined by s(t) = fg(g(a”(u), o (u)))7 du in [4].

Consider a null curve o = «afs) in Ef parameterized by the pseudo-arc s.
Then there exists a unique pseudo-orthonormal frame {T', N, By, By} along «, where
T(s) =a/(s), N(s) = a''(s), Bi(s) and Bsy(s) are the tangent, the principal normal,
the first binormal and the second binormal vector of «, respectively, satisfying the
conditions

g(T,T) = g(B1,B1) =0, g(N,N)=g(B2,Bs) =1,
g(T,N) = g(T, B2) = g(N, B1) = g(N, B2) = g(B1,B2) =0, g(T,B;)=1.

The frame {T, N, By, Bo} is called the Cartan frame of «, and it consists of two
linearly independent null vectors T" and B; of two spacelike vectors N and Bs. Any
two vectors of the Cartan frame up to the pair (7, By) are orthogonal. Tt is positively
oriented if det(T, N, By, Bs) = 1.

Definition 1. A non-geodesic null curve a : I — Ef parameterized by the pseudo-
arc s is called a Cartan curve if there exists a unique positively oriented Cartan
frame {T, N, By, Ba} along « and three smooth functions k1, ke and k3 satisfying
Cartan equations [5]

T 0 kK 0 0 T

N/ _ Ko 0 —K1 0 N (2)
Bi - 0 —k2 0 R3 B1 ’

B, —k3 0 0 0| |Bs

The functions k1(s) = 1, k2(s) and k3(s) are called the first, the second and the
third Cartan curvature of a.

Let us set T'(s) = Vi(s), N(s) = Va(s), Bi(s) = V3(s) and By = Vi(s).
Definition 2. A null Cartan curve a with the Cartan frame {Vi, Vo, V3, Vi} in the

Minkowski space-time Ef is called a k-type null slant heliz if there exists a non-zero
fized direction U € E} such that there holds

g (Vk+17 U) = const,
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for 0 < k < 3. The fized direction U is called an axis of the helix.

In particular, O-type null slant helices are generalized null helices and 1-type null
slant helices are null slant helices.

3. k-type null slant helices in Minkowski space-time

In this section, we will consider only non-geodesic null Cartan curves lying in Ef,
i.e., the null Cartan curves with the first curvature k1 (s) = 1 and the third curvature
k3(s) # 0 for each s. When the third curvature x3(s) is a non-zero function, note
that the second curvature ky(s) can be equal to zero or different from zero. Let Rq
denote R\{0}.

Theorem 1. Let o : I — E} be a null Cartan curve in EY. Then o is a O-type null
slant helix if and only if its curvature functions ko # const and k3 # 0 satisfy the

relation
Kb !
() + K3 = 0. (3)
K3

Proof. Assume that « is a 0-type null slant helix parameterized by the pseudo-arc
s. Then there exists a non-zero fixed direction U € Ef such that

g(T,U)=¢, ceRy. (4)

Differentiating equation (4) with respect to s and using Cartan equations (2), we
easily get

g(N,U)=0.

With respect to the Cartan frame {7, N, By, B}, the fixed direction U can be de-
composed as
U=uT+ cBy 4+ usB>, (5)

where u; and uy are some differentiable functions of s. Differentiating equation (5)
with respect to s and using Cartan equations (2), we obtain the following system of
differential equations
u) — k3ug = 0,
up — ckg =0, (6)
uly + ckg = 0.

If ko = 0, relation (6) implies ¢ = 0 or k3 = 0, which is a contradiction. Thus
ko # 0. From the second and the third equation of (6) we get

{ul = cka, 1)

ug = —c [ Kads.

Substituting (7) in the first equation of (6) we obtain

Kb + K3 / k3ds = 0. (8)
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If k9 = const, the previous relation implies k3 = 0, which is a contradiction. Hence
ko # const. Differentiating (8) with respect to s, it follows that (3) holds. Con-
versely, assume that curvature functions kg # const and k3 # 0 satisfy relation (3).
Consider the vector U given by

!/
U =ckoT +cBy +c (@) Bs.
K3

where ¢ € Ry. Differentiating the previous equation with respect to s and using
Cartan equations (2), we find U’ = 0. Hence U is a fixed direction. It can be easily
checked that

9(T,U) =c.
According to Definition 2, the curve « is a O-type null slant helix with the axis U. [

Corollary 1. The azis of a 0-type null slant heliz o in EF with the curvatures
Ko # const and k3 # 0 is given by

/
U =crT +cBy +c (?) Bs, (9)
3

where ¢ € Ry.

Putting ¢ = 0 in relation (4) and differentiating relation (4) three times with
respect to s, we get k3g(B2,U) = 0. Since k3 # 0, it follows that g(Bs,U) = 0.
Then relation (5) reads U = 0, which is a contradiction. Therefore, we obtain the
next corollary.

Corollary 2. There are no 0-type null slant helices in E} with curvatures ko # const
and k3 # 0, whose azis U is orthogonal to the tangent vector of the heliz.

Theorem 2. Let o : I — E} be a null Cartan curve in Ef. Then « is a 0-type null
slant heliz if and only if for its curvature functions ko # const and k3 # 0 it holds

A
2k + <2> = const. (10)
K3

Proof. Assume that « is a 0-type null slant helix parameterized by the pseudo-arc
s. According to Corollary 1, the axis of « is given by (9). By using (9) and the
condition

g(U,U) = const,

it follows that (10) holds. Conversely, assume that (10) holds. Differentiating rela-
tion (10) with respect to s, we obtain

K w5\
2k + 2 <2) (2> =0.
K3 K3

It follows that

According to Theorem 1, « is a O-type null slant helix. O
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If the axis U of 0-type null slant helix with the curvature k3 # 0 is a null direction,
by using relation (9) we obtain
Kk \ 2
269 + (2) =0.
K3

Integrating the last equation, we get the next corollary.

Corollary 3. Let a be a 0-type null slant heliz in E} with the curvature 3 # 0. If
the azis of a is a null direction given by (9), then curvature functions of a satisfy
the relation

rals) =~ ([ rale)ds ).

where Cy € R.

Theorem 3. Let a be a 0-type null slant heliz with curvatures ko # const and
k3 # 0, lying on a pseudosphere S3(r) in Ef. Then its curvature functions are given

by
1
Ka(s) = —§A282 + Bs+C, ks(s)=A4, (11)

where A € Ry and B,C € R.

Proof. Assume that a 0-type null slant helix o parameterized by pseudo-arc s lies
on the pseudosphere S5 (r) with the center at the origin and of radius » € R*. Then

g(a, a) =12,

Differentiating the previous relation four times with respect to s and using (2), we
obtain

1
By) = ——.
g(OL, 2) K3

Differentiating the last relation with respect to s and using (2), we get
1 !/
() - 0.
K3

ky =const =A, A€R,. (12)

It follows that

According to Theorem 1, the curvatures of « satisfy relation (3). Substituting (12)
in relation (3), we obtain

1
Ko = —§A2$2—|—B5—|—C7 (13)

where A € Ry and B, C € R. By using (12) and (13), it follows that (11) holds. O
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Corollary 4. Let « be a 0-type null slant helix with curvatures ko # const and
k3 # 0 lying on a pseudosphere S (r) in E}. Then its position vector satisfies the
differential equation

a® 4 (A%s> —2Bs —2C) " +3(A*s — B) " =0,
where A € Ry and B,C € R.
Let us consider now 1-type null slant helices in Ef.

Theorem 4. Let a : I — E} be a null Cartan curve in Ef. Then «a is a 1-type
null slant heliz if and only if its curvature functions ke # 0 and k3 # 0 satisfy the
relation

skh(8) + 2K2(s) + k3(s) / sk3(s)ds = 0. (14)

Proof. Assume that « is a 1-type null slant helix parameterized by the pseudo-arc
s in E}. Then there exists a non-zero constant vector field U € E} such that there
holds

g(N,U)=¢, ceRy. (15)

By using the Cartan frame of «, the fixed direction U can be decomposed as
U=uT+cN + u3B1 + uyBs, (16)

where w1, uz and uy are some differentiable functions of s. Differentiating equation

(16) with respect to s and using Cartan equations (2), we obtain the following system
of differential equations

u) — K3uyg + ey =0,

Uy — koug = 0,

uy —c=0,

uly + kgug = 0.

(17)

If k2(s) = 0, relation (17) implies ¢ = 0, which is a contradiction. Hence k2(s) # 0.
From the last three equations of (17), we get

U1 = CSKka,
uz = cs, (18)
ug = —c [ skads.

Substituting (18) in the first equation of (17), we obtain that curvature functions of
« satisfy the relation (14). Conversely, assume that (14) holds. Consider the vector
U given by

U = cskaT 4+ cN +csBy — ¢ (/ Sk3 ds) Bs,

where ¢ € Ry. Differentiating the previous equation with respect to s and using
Cartan equations (2) and (17), we find U’ = 0. Hence U is a fixed direction. It can
be easily checked that

g(N,U)=c¢, ceR,.

According to Definition 2, the curve « is a 1-type null slant helix with the axis U. [
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Corollary 5. The azis of a 1-type null slant heliz o in Ef with curvatures ks # 0
and k3 # 0 is given by

U =cskoT +¢cN +csB; — ¢ (/ SK3 ds) Bs,

where ¢ € Ry.

If a is 1-type null slant helix whose principal normal is orthogonal to the axis
U, substituting ¢ = 0 in relation (17), we get that (3) holds, which means that « is
0-type null slant helix. Conversely, every 0-type null slant helix is a 1-type null slant
helix with respect to the same axis whose principal normal is orthogonal to the axis.
This proves the next corollary.

Corollary 6. Let o be a null Cartan curve with the curvature k3 # 0 in E}. Then «
s a O-type null slant heliz if and only if « is a 1-type null slant heliz whose principal
normal N is orthogonal to the axis U of the helix.

Example 1. Let a be a 0-type null slant heliz in Ef. By using Cartan equations (2),
it follows that its tangent vector satisfies the fourth order linear differential equation

! 2 / /
B8NP 4 3k — 2T 49k, T 4 3T (19)
K3

K3 K3

T = (k] + k2 -

By choosing one of the curvatures ko and k3 to be an arbitrary differentiable
function and using relation (3), equation (19) is very difficult to solve in a gen-
eral case. Only in some special cases, it can be solved in such way to give a nice
parametrization of the curve a. Let us choose

V12

k3(s) = R
Relation (3) implies
¢ 6
HQ(S):7;37872+61’ Cp, C1 GR().

Putting co = ¢1 = 0 and substituting ko and k3 in relation (19), we get the fourth
order linear differential equation with non-constant coefficients

ST 4+ 982T" 4+ 12sT" — 12T = 0.

Putting T' = N in the last equation, we obtain the third order Euler differential
equation
SN +25°N" +12sN' — 12N =0,

whose general solution reads
N = Ci5+4 Cysin(2v/3 Ins) + Cs cos(2v/3 In's),

where Cy,Cq, C3 are constant vectors in E{. Up to isometries of EY, we may choose
Cy, Cy and C3 such that

N(s) = (s, s,sin(2v/3 In s), cos(2v/3 In s)).
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Integrating the last equation two times, we find that o has a parameter equation

2 s 82 s 82 .
a(s) = (E + %6 26 m(—5sm(2\/§lns) — 3\/§cos(2\/§lns)),
2
e (~5eos(2v/3Ins) + 3V3sin(2v31n 5))).

A straightforward calculation shows that the Cartan frame of « is given by

s + 1 1 i(sin(2\/§ln s) — 2v/3cos(2v/31n s))
2 2672 26713 ’

% (cos(2v/31n s) + 2v/3sin(2v/31n s))),

N(s) = (s,5,sin(2v/31ns), cos(2v/31n s)),
3 3

Bi(s) = (-4= 55 —4+ 5o %38(—651n(2\/§1n s) — 14v/3 cos(2v/31n s)),
li&g(—ﬁcos(zx/é Ins) + 14v3sin(2v31n s))),

By(s) = (1—\5(1 —13s?), —l—\é‘j(ms? +1), %(008(2\/§lns) +2v/3sin(2v/31n s)),
%(2\/3 cos(2v/31ns) — sin(2v3n ))).

According to Corollary 1, the axis of « reads

/

U =ckyT +¢cBy+c (KZ) By, c€Ry.
K3

Substituting ko, k3, T, B1 and By in the previous equation, we find
U = (—13¢,—13¢,0,0).
Consequently, the azis is a lightlike vector. It can be easily checked that
g(T.U)=c¢, g(N,U)=0,

which means that o is also a 1-type null slant helix whose axis U is orthogonal to
the principal normal.

The following Theorem 5 can be proved similarly to Theorem 2, so we omit its
proof.

Theorem 5. Let o be a null Cartan curve in E} with curvatures ko # 0 and K3 # 0.
Then « is a 1-type null slant heliz if and only if it holds

2
25%ko + </ SK3 ds) + 1 = const. (20)
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Theorem 6. Let a be a 1-type null slant heliz with curvatures ko # 0 and k3 # 0
lying on a pseudosphere S (r) in Ef. Then its curvature functions are given by

B 1
Ko(s) = 2 §A252, k3(s) = A, (21)
where A € Ry, B € R.

Proof. By assumption, the curve « lies on the pseudosphere S3(r). This implies
k3 = A, A € Ry. Substituting k3 = A in relation (20), we get

2
282l€2+(14/8d8> +1=C, CE€eR.

It follows that the curvature ko is given by (21), which proves the theorem. O

Corollary 7. Let a be a 1-type null slant heliz with curvatures ko # 0 and k3 # 0
lying on a pseudosphere S3(r) in Ef. Then its position vector satisfies the differential
equation

45*'a® — (8Bs? — A%5%)0/" 4 (24Bs — 3A%s°)a" — (24B 4 3A4%s1)a/ =0,
where A € Ry, B € R.

In the next theorem, we obtain the relationship between 1-type null slant helices
and 2-type null slant helices.

Theorem 7. Let o be a 1-type null slant heliz with the curvature k3 # 0 in Ef.
Then « is a 2-type null slant helix with respect to the same axis if and only if its
curvature functions satisfy the relations

ka(s) = — (o5 + e + <(Cd)ﬁg> =0, (22)

cs+e’ cs+e
where ¢,d € Ry and e € R.

Proof. Assume that a 1-type null slant helix o parameterized by the pseudo-arc s
is a 2-type null slant helix with respect to the same axis U in E{. Then it holds

g(N,U):C, g(Bl,U):d, C,dGRo. (23)
By using the Cartan frame of «, a non-zero fixed direction U can be decomposed as
U = dT + CN —+ U3Bl + ’U,4B2, (24)

where ug and uy are some differentiable functions of s. Differentiating equation (24)

with respect to s and using Cartan equations (2), we obtain the system of differential
equations

—K3Uyg + ckg =0,

d— RoUug = 0,

uh —c=0,

uly + kaug = 0.

(25)
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From the first two equations of (25) we obtain

d CKo
Uz = —, Ug = —.
) K3
Substituting this in the last two equations of (25), it follows that (22) holds. Con-
versely, assume that « is a 1-type null slant helix parameterized by the pseudo-arc
s whose curvature functions satisfy relation (22). Consider the vector U € E} given
by

d
U=dl +cN + 2B, + 2B, (26)
K2 K3

where ¢,d € Ry. Differentiating relation (26) with respect to s and using Cartan
equations (2), we find U’ = 0. Hence U is a fixed direction. It can be easily checked
that

g(N,U)=¢, g¢g(B,U)=d, deR,.

According to Definition 2, the curve « is a 2-type null slant helix with respect to
the same axis, which proves the theorem. O

Theorem 8. Let o be a null Cartan curve in E}. Then « is a 2-type null slant heliz
if only if its curvatures ko # const and k3 # const satisfy the relation

uly = Koug — ¢, (27)
where ug is given by
2 2 . .2 2
— [ ottt g, Kak3 J ol g
usz = ce RoR3— K2Ry ; 5 e’ rar3Tr2R3 ds
RoR3 — Ra2kg

and c € Ry.

Proof. Assume that « is a 2-type null slant helix parameterized by the pseudo-arc
s. Then there exists a non-zero fixed direction U € Ef such that there holds

g(B1,U)=¢, ceR,y. (28)
By using the Cartan frame of «, the fixed direction U can be decomposed as
U= CT+U2N+U331 +U4B2, (29)

where us, us and uy are some differentiable functions of s. Differentiating equation

(29) with respect to s and using Cartan equations (2), we obtain the system of
differential equations

Koo — Kaug = 0,

uh — koug + ¢ =0,

uh —ug =0,

uly + kaug = 0.

(30)
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If ka(s) = const and k3 = const # 0, relation (30) implies ¢ = 0, which is a
contradiction. Consequently, xo(s) # const and k3(s) # const. From the first and
the third equation of (30) we get

uy = @ug (31)

K3

Substituting (31) in the fourth equation of (30), we find

I
(/@2) uf + @ug + rzug = 0. (32)
K3 K3

From the second and the third equation of (30) we obtain
Ul = Koug — C. (33)

Substituting (33) in (32), we obtain the first order linear differential equation

2 2
m k3(Kk3 + K3) L= CKaK3
s / / / /e
RoK3 — R2kg RoR3 — R2Kg

A general solution of the previous differential equation reads
- ) g Koky [ SRUED) g
us =e "Ry —rgKl (COJrC . o LR ds),
RoRk3 — R2kg

where ¢y € R. Taking ¢y = 0, we find

2 2 2 2
_ [ ralnpng) g0 Kok fa(mptn3) e
ug = ce S tean — s of Mnatran g (34)
RoR3 — RaKg

Relations (33) and (34) imply that relation (27) holds. Conversely, assume that (27)
holds. Consider the vector U given by

U= CT+U2N+U331 +’LL4B2, (35)
where

_ /

u2 — U3,
_ o maBand) oo I rg (B tnd) o
ug =ce - "araTranh [ KRS o7 mhrgmrang (g
RoR3—HK2Kg

_ K2,/

Uy = K3u3.

and ¢ € Ry. Differentiating relation (35) with respect to s and using Cartan equa-
tions (2), we find U’ = 0. Hence U is a fixed direction. It can be easily checked
that

g(Bl7 U) = C, cc RQ.

According to Definition 2, the curve « is a 2-type null slant helix. O
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If  is a null Cartan curve lying on a pseudosphere S3(r), then k3 = const # 0.
According to Theorem 8, if « is a 2-type null slant helix, then k3 # const. Hence
the next corollary holds.

Corollary 8. There are no 2-type null slant helices with curvatures ko # const and
K3 # const, lying on a pseudosphere S3(r) in Ef.

Corollary 9. The azis of 2-type null slant heliz o in EY with curvatures ko # const
and K3 # const is given by

U= CT+U2N+U3B1 +U4BQ7

where
— o/
Uy = US,
7‘]- m3(ﬁ%+n§) d f ng(m%+n§) B
uz = ce méng—mgmé f . K2K3 -e N’zns—ﬁzh‘é dS,
KRoKk3—K2Kg
K /

Uy = ?2“3

and c € Ry.

Theorem 9. There are no 3-type null slant helices in B} with the curvature rz # 0.

Proof. Assume that there exists a 3-type null slant helix a with the curvature
k3 # 0, parameterized by the pseudo-arc s in Minkowski space-time. Then there
also exists a constant vector field U # 0 in E] such that it holds

g(B2,U)=¢, ce€R,y. (36)

Differentiating relation (36) with respect to s and using Cartan equations (2), we
get

g(T,U) =0.
Differentiating the last equation three times with respect to s, we get
k39(B2,U) =0,

which is a contradiction. O
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